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Summary. The constant migration (CM) method and the
ebv migration (EBVM) method of optimising the design
of multi-tier open nucleus breeding schemes are present-
ed and compared. The equation for the equilibrium rate
of genetic gain of a three-tier open nucleus scheme is
determined using the CM method. The major advantage
of the EBVM method is the reduction in the number of
parameters which have to be varied in order to locate the
maximum equilibrium rate of genetic gain. For the CM
method for the number of variable parameters is 5, 14, 27
and 2n+1) (n—1) for unrestricted male and female mi-
gration in schemes with 2, 3, 4 and n tiers respectively.
The corresponding number of variable parameters for the
EBVM method is 1, 2, 3 and n—1 respectively. A proce-
dure is given for the EBVM method so as to accomodate
variance loss due to selection and variance gain due
to the mixing of groups with a different mean breeding
value.

Key words: Open nucleus — Selection — Optimum design —
Migration methods

Introduction

Animal breeding programmes are usually hierarchical in
structure and often represented by a pyramid consisting
of a number of tiers. Elite nuclei or studs are at the apex
of the pyramid. Traditionally, gene flow is all downward
in the pyramid and, in particular, the top tier or nucleus
remains closed to gene transfer from lower tiers. By al-
lowing the nucleus to import genes from lower tiers, it has

been shown theoretically that open nucleus schemes can.

increase the rate of genetic improvement and can de-
crease the rate of inbreeding compared with closed nucle-
us systems (James 1977, 1978).

James (1977) developed the theory for two-tier open
nucleus systems based on between-tier migration rates
which remain constant over generations. He also used his
constant migration (CM) theory to determine the popula-
tion structure and migration rates which maximised the
equilibrium rate of genetic gain for two-tier schemes in
which female migration was unrestricted while all sires
were bred in the nucleus. Mueller and James (1983) devel-
oped a CM theory in which the assumption of constant
genetic variance used by James (1977) was relaxed and, in
particular, the loss of genetic variance due to selection
was taken into account.

Hopkins and James (1978) gave the theory for opti-
mising two-tier open nucleus systems when generations
overlap. This theory was based on migration rates which
were allowed to vary for each time period in order that
the genetic mean of the next progeny crop was max-
imised. In essence, the migration rates were a result of
truncation selection on the estimated breeding value
across nominated parental genetic groups. This method
is called the ebv migration (EBVM) method. Hopkins
(1978) used the EBVM method to optimise the design of
various two-tier open nucleus schemes with overlapping
generations. Neither Hopkins and James (1978) nor Hop-
kins (1978) incorporated the loss of genetic variance due
to selection in their method.

Most theory on open nucleus breeding systems relate
to the two-tier problem and the same is true for evalua-
tions of optimum designs. As stated by James (1989,
p 191), the reason for this has been mainly due to the
large number of parameters involved in the optimisation
of multi-tier systems. However as shown in the present
paper, the number of variable parameters depends on the
optimisation procedure chosen. The objective of this pa-
per is to present and compare the CM and EBYM meth-
ods for optimising the design of multi-tier open nucleus



breeding systems. The methods will be illustrated using a
three-tier open nucleus example. A procedure which ac-
counts for variance loss due to selection will also be given
for the EBVM method. Later papers will use these meth-
ods to evaluate the improvement in genetic progress and
the reduction in inbreeding resulting from optimum mul-
ti-tier open nucleus designs.

Constant migration method

The CM method is comprehensively discussed by James
(1977) for a two-tier open nucleus breeding system. This
section generalises the CM method to an n-tier open
nucleus system.

The population size of each tier is assumed to be
infinite and generations are assumed to be discrete. The
symbols a and b are used to represent, respectively, the
proportions of all male and female offspring used for
breeding. The vector p consists of the n—1 elements p;
where each p; represents the fraction of the population in

tier i. The proportion of the population in the base or tier
n-1

n(p,)is 1— ¥ p,. With unrestricted migration parents
i=1

can be born in any tier and mated in any tier. Let the
vector x consist of elements which represent the propor-
tion of females mated in tier i that were born in tier j
where i<j. Hence x is the upward female migration rate
vector. The number of elements in x is +n(n— 1) which is
the number of elements above the diagonal in a square
matrix of order n. Some of these elements will be set to
zero if migration is not allowed between certain tiers. The
ordering of the elements of x is arbitrary. The downward
female migration rate vector y consists of elements which
represent the proportion of females mated in tier j that
were born in tier i where i <j. Similarly, » and w represent
the male upward and downward migration rate vectors,
respectively.

In the CM method, the elements of the migration rate
vectors (x, y, v, w) are assumed constant from one gener-
ation to the next so that equations can be determined for
the equilibrium genetic gain and the equilibrium genetic
lags between tiers. To optimise the equilibrium rate of
genetic gain the optimum equilibrium values of (x, y, v, w)
are determined and are assumed to operate each genera-
tion. In essence the CM method considers the distribu-
tion of the estimated breeding value within each tier to be
truncated at a number of points such that relative to the
tier mean the truncation points are unchanged each gen-
eration. The best animals in each tier are mated in the top
tier and so on. However, before equilibrium the best an-
imals in the population are not necessarily mated in the
nucleus, as the truncation points are only optimal at
equilibrinm.

The CM equations are determined as follows. If G* is
the vector of tier genetic gains from generation t—1 to
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Fig. 1. The pattern of unrestricted female migration in a three-
tier open nucleus breeding scheme where p; is the proportion of
the population in tier i. The female migration rates upward (x)
and downward (y) indicate the proportion of dams mated in a
tier (shown by the arrowhead) that were born in another tier

generation t and g is the vector of tier means at genera-
tion ¢ it follows that

Gt=”t_"t—1

Writing ' in terms of g'~! and the assumed constant

selection differentials, this equation becomes
G'=C+TL'"! 1

where C is the vector of average genetic selection differen-
tials of animals mated in each tier, L'~ is the vector of
all genetic lags between tiers at generation ¢t —1 [dimen-
sion +n(n—1)], and T, a matrix of migration rates, is of
dimension # by $n(n—1). There are $n(n—1) lags but
only n—1 are independent. Now the matrix equation 1
can be rewritten using two results. Firstly the change in
each genetic lag is the difference between the genetic gains
of the two tiers involved (e.g. AL"; = G — G7,). Secondly
these changes approach zero as the genetic lags approach
constant equilibrium values [see Shepherd (1991) for an
investigation of the existence of equilibrium]. Using these
results, equation 1 becomes

T* L*=C* @)

where T%*, a matrix of migration rates, is of dimension
In(n—1) by +n(n—1), L® is the vector of equilibrium
genetic lags, and C* is a matrix of differences between the
elements of C. Now there are (3n—1) (n— 1) constraints
on the equilibrium genetic lags (e.g., the lag between tiers
1 and 3 is the sum of the lags between 1 and 2, and 2 and
3). In matrix notation the constraints are of the form
L*=XL". Using these constraints in conjunction with
equation 2 results in a unique solution for L*. At equilib-
rium all tiers progress at the same rate, so substituting L®
into equation 1 produces a formula for the equilibrium
rate of genetic gain G* which is of the general functional
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form
G® =function(a, b, p, x, y, v, w) 3)

For any species denoted by a particular (a,b) combina-
tion, the equilibrium rate of genetic gain G* is maximised
by searching a grid of values in the (p, x, y, v, w) parameter
space for this maximum value.

The remainder of this section illustrates the form of
equation 3 for a three-tier open nucleus system in which
male and female migration is unrestricted between tiers.
Figure 1 shows the pattern of unrestricted female migra-
tion; x4 is the proportion of tier-1 dams which are born
in tier-3, while y, is the proportion of tier-3 dams which
are born in tier-2. A similar figure can be drawn for males
by replacing x with v and replacing y with w.

Applying the CM method to this three-tier scheme
[see Shepherd (1991) for details], results in the following
equation for the equilibrium rate of genetic gain G*

2y Cp 4, Cpy 445 Cr,
h IR

G* @
where Cr, is the average genetic selection differential of
all animals mated in tier i, and

)»1=u2 d3+dl d2+d1 d3
Ay=uyd,+u; d3+ugd,
Az=uy Uy +u, us+usd;

in which u [=3(v+x)] and d[=1(w+y)] are the average
upward and downward migration rate vectors respec-
tively. Appendix I shows that each C, is a function of the
elements of vectors p, x, y, v and w. So equation 4 is now
in the form of equation 3. Hence for any (a,b) combina-
tion, the equilibrium rate of genetic gain can be max-
imised by searching a grid of values in the (p, x, y, v, w)
parameter space. In this example the dimension of the
parameter space is 14 as there are two ps and three
elements in each of the four migration rate vectors.
Two special cases of equation 4 warrant further ex-
amination. If the third tier doesn’t supply any breeding
animals upward (u,=u;=0) then, after cancelling
d,+d; from the numerator and the denominator,
G dy Cp +uy Cr,
di+u,
rium rate of genetic gain of a two-tier open nucleus system
as the third tier no longer influences the asymptotic genetic
gain. The three-tier equations given by James (1977) can be
formed from the above equations by setting w, =w, =1,
v;=0 for all i, and u, =d; =0. That is, female migration is
allowed in both directions but only between adjacent
tiers, while each tier’s sires are bred in the tier above.
More generally, if male and female migration is only
allowed between adjacent tiers (u3=d,=0), but in both
dyd, Cp +uyd, Cp,tuyu, Cry
did,+u dy+u u, )

. This is the equation for the equilib-

directions, then G* =

Although the CM method can be used to derive the
equation for the equilibrium rate of genetic gain for any
open nucleus system, the amount of algebra increases
exponentially with the number of tiers. Shepherd (1991)
derived the equation for the equilibrium rate of genetic
gain for a four-tier open nucleus system in which both
male and female migration was unrestricted between
tiers.

Ebv migration method

In the EBYM method the elements of the migration rate
vectors (x, y, v, w) are allowed to vary each generation
according to the n-tier generalisation of the two-tier prin-
ciple discussed by Hopkins and James (1978). With unre-
stricted migration the principle is as follows. For each
generation the best animals, irrespective of tier of birth,
are randomly mated in tier 1. The next best animals are
randomly mated in tier 2 and so on down to tier n. In
other words the estimated breeding value (ebv) of any
dam in tier i is not only greater than the ebv of any dam
in tier j if i <j but also less than the ebv of any dam in tier
k if i>k. A similar statement applies to sires.

The following algorithm describes the EBYM method
for a three-tier system allowing unrestricted migration
between tiers. In each generation proceed as follows.

Step 1. Using known genetic means and variances, line
up the assumed normal distributions of progeny ebv in
each tier using the same abscissa scale.

Step 2. Select as dams for tier 1 all female progeny whose
ebv is larger than a common truncation point ¢, which is
chosen such that the best bp, of all female progeny be-
come tier-1 dams. In mathematical terms, the proportion
of female progeny in each tier selected as dams for tier 1
(g;1) must satisfy the equation Y p; g,y =bp, while the

standardised eby truncation point in tier i (X;;) must sat-
isfy t; =p;+ X, 0; where y;, o, and the subscripts of g
are defined in appendix I

Step 3. Select as dams for tier j(j=2, 3) all female proge-
ny whose ebv is not only smaller than the previous com-
mon truncation point t;_, but also greater than another
common truncation point ¢; which is chosen such that the
best b P; of all female progeny become dams in tiers 1 to

J
Jj with the best b P;_ in tiers 1 to j—1, where P;= ¥ p,.
k=1

In mathematical terms, determine the proportion of fe-
male progeny in each tier selected as dams for tier j(g;;)
using g;;=Q;;—Q; ;- ; where Q;; =q;, and the other pro-
portions Q;; satisfy ¥ p; 0;;=bP; and the standardised

ebv truncation point in tier i(X,;;) must satisfy
ti=u+X;; 0, fori=1,2,3,

Step 4. In an analogous manner repeat steps 2 and 3 for
males.



Step 5. The migration rates (x, y, v, w) are calculated as
follows:

_P242 _P34s2 x _P3dn
' bp, . bp, e bp;
_P1412 _P2923 _P1%13
! bp, e bp, e bps
_Paldn P33 _ P39
by = » V2= » U3 =
ap, ap, apy
L1412 _ D243 _Pi1dis
Wy = s Wa = s W=
ap, aps aps

These equations are simply rearrangements of the formu-
lae in appendix I for the female proportions selected and
the corresponding formulae for males. Unlike the as-
sumed constant migration rates in the CM method these
migration rates are allowed to vary each generation.
Step 6. The mean progeny breeding value for each tier is
calculated using the parents chosen for each tier. To do
this the genetic selection differentials (D) of the 18 types
of parents need to be determined (two sexes by three tiers
of birth by three tiers of mating). The genetic selection
differentials are given by i, where i is the standardised
selection differential for the type of parent considered and
o, is the standard deviation of the selection index I. The
expressions for the selection differentials i are the same as
those for the CM method in appendix I. Using these
expressions, the mean progeny breeding value of tier j in
generation t+1 is

w5t =15 la; i+ Dyy) + af (ui+ D)

where Dy;=i;; o; and Df=if; 6,. The g;; and af; are de-
fined in appendix L.
Step 7. Repeat steps 1 to 6 for the next generation.

Eventually all tiers make progress at the same rate.
Hence, although a closed-form solution like equation 4
cannot be found for the equilibrium rate of genetic gain
G*, we have implicitly that

G* =function (a,b, p) 8]

irrespective of the initial genetic means of each tier. For
any species denoted by a particular {q,b) combination, the
equilibrium rate of genetic gain G® is maximised by
searching a grid of values in the p parameter space for this
maximum value. For the three-tier example the maxi-
mum G* is found by searching a two-dimensional grid of
values in the (p,, p,) parameter space.

To numerically implement the EBVM algorithm re-
quires the following: a procedure for evaluating functions
of a single normal distribution and a procedure for deter-
mining a common truncation point across a number of
normal distributions. The NAG or IMSL computer sub-
routine libraries can be used to evaluate the truncation
point and the selection intensity for a standard normal
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distribution. A bisection-search algorithm can be used to
locate a common truncation point across a group of
normal distributions.

Discussion and comparison of the methods

The main properties of the CM and EBVM methods are
summarised in Table 1. The major advantage of the
EBVM method is the reduction in the number of parame-
ters which have to be varied in order to locate the maxi-
mum equilibrium rate of genetic gain. For the CM meth-
od the number of variable parameters is 5, 14, 27 and
(2n+1) (n—1) for unrestricted male and female migration
in schemes with 2, 3, 4 and n tiers respectively. The corre-
sponding number of variable parameters for the EBVYM
method is 1, 2, 3 and n—1 respectively. The basic feature
of the EBVM method is better described in terms of
geometry of the G® surface. For each p vector there is a
particular set of (x, y, v, w), denoted (x, y, v, w),,., which
maximises G®. For example, Table 2 shows the (x, y, v,
W)op values which maximise G* for each p in a particular
two-tier system. Any other set of (x, y, v, w) will result in
a lower genetic gain at equilibrium for each p. Basically,
with the EBVM method the search is only over the n—1
dimensional plateau of (x, y, », w),, values in the
(2n+1)(n—1) dimensional space. For two tiers the
search is only over the one dimensional p ridge in the five
dimensional (p, x, y, v, w) space as shown in Table 2.

Another feature of the CM method is that the number
of dimensions of the search space depends on the pattern
of migration allowed between tiers. For example, in an
n-tier system the search space is of dimension (2n+1)
(n—1) for unrestricted male and female migration, and of
dimension 3 (n— 1) if female migration is allowed in both
directions but only between adjacent tiers while each
tier’s sires are bred in the tier above. The number of
dimensions of the search space for the EBVM method is
independent of the pattern of migration allowed between
tiers.

Table 2 shows the equilibrium genetic variance be-
tween the nucleus and base tiers V;j for each p value in
a two-tier system. Hence it is easy to show with the
EBVM method that the p value (0.07) which maximizes
G* is much smaller than the nucleus size (0.25) which
produces the greatest between-population variance. The
discrepancy in optimum nucleus size is because G® is no
longer simply related to the population genetic variance
by the equation G®=irg%, where r is the accuracy of
selection, as in a normally distributed population. The
genetic lag between the nucleus and base has produced
substantial non-normality in the population-distribution
of breeding values. The CM method can also be used to
show this result but optimisations with respect to the four .
migration rates have to be performed for each p.
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Table 1. The main properties of the CM and EBVYM methods

CM method EBVM method

Equation for equilibrium
genetic gain

Algorithm for equilibrium
genetic gain

Algorithm for equilibrium
genetic lags

Optimum migration at each

Equation for equilibrium
genetic lags

Non-optimum migration

until equilibrium generation
Dimension depends on Dimension independent of
migration migration

Unrestricted migration has
an (n—1) dimensional search
space

Unrestricted migration has
a (2n+1) (n—1) dimension-
al search space

Table 2. The values of (x, y, v, w) which maximise the equi-
librium genetic gain Gg., for various nucleus sizes p of a
two-tier open nucleus system. R* (=G, /G3u.q) 18 the
relative response rate with respect to a closed nucleus.
Ve [=p(1—p) (ug —pg)?] is the additive genetic variance be-
tween nucleus and base tiers at equilibrium in units of o,. The
male and female replacement rates are 0.01 and 0.5 respectively.

Constant variances are assumed

R Vi

p xopt yapt Uopl Wopt

0.01 0.47 0.01 0.03 0.38 1.085 0.048

0.04 0.51 0.06 0.09 0.59 1.110 0.099
0.07 0.51 0.10 0.11 0.66 1.114 0.126
0.10 0.49 0.14 0.12 0.69 1.113 0.143
0.13 0.48 0.18 0.13 0.72 1.111 0.154

0.16 0.46 0.21 0.13 0.74 1.108 0.161
0.19 0.44 0.25 0.13 0.76 1.104 0.166
0.22 043 0.28 0.13 0.77 1.100 0.168

0.25 041 0.31 0.13 0.79 1.096 - 0.169
0.28 0.39 0.35 0.13 0.80 1.092 0.168
0.31 0.38 0.38 0.13 0.81 1.088 0.166

A feature of the EBVM method is that it gives the
optimal migration rates at each generation for maximis-
ing progeny merit (Hopkins and James 1978), whereas
the CM method uses constant migration rates at each
generation. Shepherd (1991) showed that migration on
estimated breeding value is required at each generation
when maximising the. genetic mean of the population
over any time horizon irrespective of whether or not the
p vector varies from generation to generation. Hence the
EBVM method will reach equilibrium quicker than any
other method with a fixed p as its genetic mean and will
always be greater than, or equal to, the genetic mean of
any other method. To obtain this advantage the EBVM
method assumes and uses knowledge of the genetic lags
between tiers in the foundation generation. This knowl-
edge is rarely known accurately in practice. However, as
genetic links are created between tiers by migration, the
genetic lags can be estimated on a pooled within- and

between-tier basis by eliminating the environmental ef-
fects associated with between-tier comparisons.

The assumption of constant variance can be relaxed
in either method using the n-tier generalisation of the
two-tier theory presented by Mueller and James (1983).
Appendix II shows the modifications required to the
EBVM algorithm so as to relax this assumption in the
three-tier open nucleus example. In most industry
schemes the accuracy of selection is higher in males and
also in tiers with greater expected genetic means. Al-
though not explicitly shown in this paper, both methods
can take account of variance loss due to selection irre-
spective of whether the accuracy of selection differs be-
tween tiers and sexes.

The multi-tier open nucleus theory given in this paper
was developed for the discrete generation model. Hop-

. kins and James (1978) gave the theory for two-tier open

nucleus systems with overlapping generations when par-
ent selection and progeny selection strategies are used.
Progeny selection is when breeding animals, once se-
lected, are guaranteed a place in the breeding unit until
they die or are culled for age. Parent selection is when
previously selected animals must compete each year to
remain in the breeding unit. Meuwissen (1989) described
an EBVM method for optimising the design of a dairy
cattle breeding programme using BLUP selection. Al-
though he stated that there were three tiers, he really only
used a two-tier structure in the design of the open nucleus
system because he defined the genetic groups (nucleus
born males, nucleus born females, and base born females)
as his three tiers. Basically he used a parent selection
strategy in a two-tier open nucleus structure which incor-
porated progeny testing. The theory developed by Hop-
kins and James (1978), and Meuwissen (1989) for two-tier
systems with overlapping generations can be easily ex-
tended in principle to multi-tier open nucleus systems.
However the notation and methods become cumbersome
due to the large number of genetic groups determined by
the number of age classes, the place of birth, and the
paitern of migration, allowed between tiers.

Finally, the ease of optimisation of multi-tier systems
with the EBYM method opens up an area of quantitative
genetics which, as discussed by Smith and Hammond
(1987), has not been modelled accurately in the past. The
problem is the prediction of response to selection within
a population when mating is assortative rather than ran-
dom. The results of work in this area will be reported in
later papers.
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Appendix 1

Genetic selection differential (Cr,) as a function
of p, x,y, v, and w

Let a;; be the proportion of tier j dams which are born in
tier i. Then the matrix A4 is as follows

T—x;—X; V1 V3
A= X1 I=y;—x, V2
X3 X2 1—y,—¥;

The corresponding proportions for males are denoted aj%
with matrix A*. Using these definitions the average ge-
netic selection differential of all animals mated in tier
J(Cr,) is as follows

Cr,=32 (a;; D;;+af; D)

where Df; and D;; are the male and female genetic selec-
tion differentials respectively. The genetic selection differ-
entials are defined as follows. At generation ¢ is the mean
breeding value of tier 1-born males mated in tier 2 is
uy + D%, where p is the mean breeding value of tier 1 at
generation t and D%, is the genetic selection differential of
tier 1-born males mated in tier 2. Similarly, D;, is the
genetic selection differential of tier 3-born females mated
in tier 1.

Parents are chosen by truncation selection on the
basis of an index I which is normally distributed. The
female (male) genetic selection differentials D (D*) are giv-
en by io; (i* o;) where i(i*) is the standardised selection
differential for this group of female (male) parents and o,
is the standard deviation of the selection index I. The
standardised selection differentials are readily calculated
because the index is normally-distributed. Let S(q) de-
note the standardised selection differential achieved by
truncation selection of the best proportion ¢ of animals.
Define g, as the proportion of tier 3-born females mated
in tier 1 and so on. Then the nine female proportions
selected are as follows

by, p bysp
q11=b(l—x1—x3), q12,= - 2, ‘113=—3'E
1 Dy
bx,p by,p
CZ21:;1a Gr2=b(1—x,—y1), q23= —
D2 D2
bxyp bx,p
31 = 2 1= q32 = 2 2, g33=b(1—y,—y;)
Ps D3

The standardised selection differentials of tier k-born fe-
males mated in tier j (i,;) are given by

i1 =5(q1)
and for j>1 by
ikj=[ij S(ij)_Qk,j—l S(Qk,j—l)]/‘]kj

J
where ijzlzjl G -
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Then Dy;=iy; ;. The male genetic selection differentials
(D) are obtained in a similar manner. Hence we have
shown that each Cr is a function of elements of the
vectors p, x, y, v, and w.

Appendix II

Accommodating variance loss and gain
in the EBVM algorithm

This appendix outlines the alterations necessary to the
EBVYM algorithm of an unrestricted three-tier open nu-
cleus system in order to allow for different losses of genet-
ic variance from the selection of males and females from
each tier, and to allow for variance increase from the
mixing of groups with different mean breeding values.
The methodology used to calculate the variance of prog-
eny breeding values at each generation is an extension of
that given by Mueller and James (1983) for constant mi-
gration in two-tier systems.

Consider a single trait with heritability k3, h3 and h?
and additive genetic variance V,, V,, and V,, in tier 1,
tier 2 and tier 3 respectively. The logic described in steps 1
to 4 is still correct, but account has to be taken of the
different genetic variances in each tier. Hence the identi-
ties for the proportions selected remain correct in steps 2
to 4 but the standardised truncation points X for females
must now satisfy:

M+ Xi hioy =t +X, hyo,=u3+X3, hy0,,
Pt X hi oy, =p+ X, by 0, =u3+X5,hy0,,
P+ Xishi oy, =p+X,3h,0,,=13+ X33 hs 0,4,

where g, =\/Z. Similar identities can be given for
males.

The calculation of the migration rates in step
5 remains unchanged as does the calculation of the stan-
dardised selection differentials i and i* in step 6. However
the genetic selectional differentials D;; and D} are now
equal to i;; h; 0 4, and i h; 0 ,, respectively. A new step is
required between steps 6 and 7 to calculate the additive
genetic variance of each tier’s new progeny crop as genet-
ic variance is lost due to the selection of parents. Only the
female equations will be described as the male equations
are obtained in a similar manner.

Step 6a. Calculate the mean breeding values of the se-
lected female groups which are born in tier i and either
mated in tier j(my;) or in tiers 1 to j(M;;) using the
following equations.

my; = +i;h; oy,

Mij =t iQij hi G,

where iy =S5(Q;;). Now the breeding value variance
(V4,,) of dams born in tier i which are mated in tier j is
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given by

VA“:VA,- K

and for j>1 by

Qij Kij_Qi,j—l K4 _ Qii-1 (Mi,j—l_mij)2
! qij Qij

where K;;=1—1iy, (ig,—Xg, ) hi and Q;; =g;, in an ob-
vious notation.

Now the mean breeding value (m;) of all dams used in
tier j is m;=3 a;;m;;. Using this we can calculate the

VAUZ Vi

pooled variance of all dams used in tier j(Vz,,) taking
into account the extra variation due to difference in mean
breeding value of the selected female groups.

V}«"Aj=z a;; [VAij+(mij*mj)Z]

Now the variance of progeny breeding value in tier j at
generation 41 (V') is derived from the parental vari-
ances at generation t according to the following equation.

t+1 __1 1/t 171/t 11/t
VAj "‘4VFAj+4VMAj+ZI/:S‘J-

where Vy; 4, is the pooled variance of sires mated in tier j
at generation t and VS‘j is the segregation variance in tier
j at generation t. If the segregation variances vary be-
tween tiers then they change over generations according
to the following equations.

Vs =% (a;+af) Vs,
i

for j=1, 2, 3. This completes step 6a.

Now steps 1 to 6a can be performed again for the next
generation using the new variance of breeding values and
the new heritability in each tier.
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